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ON THE BEHAVIOUR OF SOLUTIONS FOR A CLASS OF THIRD
ORDER NEUTRAL DELAY DIFFERENTIAL EQUATIONS

A. T. ADEMOLA!, A. M. MAHMOUD?, P. 0. ARAWOMO?

ABSTRACT. In this paper, a new class of third order nonlinear neutral delay differential
equations is discussed. By reducing the third order nonlinear neutral delay differential
equations to systems of first order, the second method of Lyapunov is engaged by con-
structing a complete Lyapunov functional and used to establish criteria that guarantee
uniform asymptotic stability of the trivial solution and uniform ultimate boundedness
of solutions. The obtained results are not only new but also include many outstanding
results in the literature. Finally, the correctness and effectiveness of the obtained results
are justified with examples.

1. INTRODUCTION

The problem of asymptotic stability, boundedness, integrability, existence and uniqueness of
periodic solutions for differential equations with or without delay has received considerable
attention of authors over the years, see for example Arino et al. [14], Burton [15, 16], Driver
[18], Lakshmikantham et al. [25], Yoshizawa [47, 48] which contains background knowledge.
Other outstanding results include the papers of Ademola and Arawomo [1]-[6], Ademola et
al. [7]-]9], Ademola and Ogundiran [10], Afuwape and Omeike [13], Chukwu [17], Graef et
al. [19, 20, 21], Graef and Tung [22], Gui [23], Omeike [27, 28], Remili and Oudjedi [30]-[31],
Remili et al. [32], Sadek [33], Tejumola and Tchegnani [34], Tung [36]-[45], Yao and Wang
[46], Zhu [49] and the references cited therein.

It is well known that delay differential equations (DDEs) are mostly utilized to model
many of the physical processes emanating from engineering and various branches of science
such as atomic energy, information theory, control theory, chemistry, physics, biology and
ecological system. As we all known that stability, boundedness, existence and uniqueness of
solutions are the most important problems in the study of qualitative behaviour of solutions
of FDEs. In fact, time delays occur most often in many physical and ecology systems,
because the future state of the systems depend on both the present and past states. It is
widely known that time delays often lead to instability of a stable system. Therefore, the
study of FDEs has become the subject of many investigations.

In 1992 Zhu [49], developed sufficient conditions to guarantee the stability, boundedness and
ultimate boundedness of solutions for the following third order nonlinear delay differential
equations
2" 4+ ax” + b2’ + f(x(t — 7)) = p(t),
and
o +ax" + ¢(a'(t — 7)) + f(x) = p(t).
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In 2003, Sadek [33] considered the stability and boundedness of solutions for the third order
delay differential equation

" +ax" 4+ g(a! (t — 7(t)) + f(x(t —7(t))) = p(t).

In 2006, Liu and Huang [26] used the coincidence degree theory to discussed the existence
and uniqueness of periodic solutions for a kind of first order neutral functional differential
equations
(x(t) + Ba(t — 9))" = gu(t, 2(t)) + g2(t, 2(t — 7)) + p(t),

where p: R — R and g1, 92 : R Xx R — R are continuous functions, 7, B and § are constants,
p is T—periodic, g1 and go are T—periodic in the first argument, |B| # 1 and T' > 0. In 2007
the author in [45] studied stability and boundedness of solutions of nonlinear third order
delay differential equations

2"+ arx” + fo(x(t — (1)) + azz(t) = p(t,x, 2", x(t — 7(¢)), 2" (t — 7(¢)),2")

In 2010, Omeike [27], Tung [40] and [42] respectively considered new results on the stability
of solution of some non autonomous third order delay differential equations
2" +a(t)z” +b(t)x’ +c(t)f(z(t — 7)) =0,

the stability and boundedness of solutions of nonlinear third order delay differential equations

2"+ g(x, )" + flx(t —7),2"(t — 7)) + h(z(t — 7)) = p(t,z, 2", 2(t — 7),2'(t — 7)), 2")
and some stability and boundedness conditions for non autonomous differential equations
with deviating arguments

o +a(t)a” +b(t)g (2" (t — 7)) + g2() + h(x(t — 7)) = p(t, 2,2, x(t — 7),2'(t — 7)), 2").
In 2013, Ademola and Arawomo [6] developed criteria which guarantee uniform asymptotic
stability and boundedness of solutions for the third order nonlinear differential equation

o+ fz, ' 22" + g(a(t = 7(t)), &' (t — 7(t) + h(x(t — 7(2))) = p(t, 2, 2", 2"),

where f,g,h and p are continuous functions depending only on the arguments displayed.

In another interesting paper, Graef et al. [19] discussed sufficient conditions that guaran-
tee the square integrability of all solutions and the asymptotic stability of the zero solution
of a non-autonomous third order neutral delay differential equation

(2(t) + Ba(t — )" + a() (Q(x(t))w’(t)) b(t) (R(z(t»x’(t)) T e(t)f(a(t — 1) = (1),

where 8 and r are constants with 0 < 8 < 1 and r > 0, the functions a, b, ¢ : [0,00) — [0, 00),
Q,R:R—[0,00), h:[0,00) > R, and f: R — R, are continuous, and x f(x) > 0 for = # 0.

Recently, in 2019 Oudjedi et al. [29] gave sufficient conditions for every solution to be
converges to zero, bounded and square integrable for a class of third order neutral delay
differential equations

[2(t) + Bzt — 7)]" + a(®)x” (t) + b(t)z"(t) + () f(x(t — 7)) = p(t).

where, 8 and 7 are constants with 0 < 8 <1 and 7 > 0, h(¢) and f(x) continuous functions
depending only on the arguments shown and f’(z) exist and is continuous for all z.

The aim of this paper is to obtain conditions for uniform asymptotic stability of the zero
solution, uniform ultimate boundedness and the existence of a unique periodic solution for
the nonlinear non autonomous DDE

[2(t) + da(t — )" + a(t)a” (t) + b(t)g(2'(t — 7)) + c(t)h(x(t — 7)) = p(t). (1.1)



ON THE STABILITY, BOUNDEDNESS AND EXISTENCE OF PERIODIC SOLUTIONS 89

Setting z'(t) = y(t) and 2 (t) = z(t), equation (1.1) is equivalent to the system of first order
differential equations

'(t) = y(t)
y'(t) = 2(t)
Z'(t) = —al(t)z(t) — b(t)g(y(t)) — c(t)h(x(t)) + p(t) (1.2)

+/t [b(t)g' (y(5))2(s) + c(t)h'(x(s))y(s)]ds

—T

where Z(t) = z(t) + ¢z(t — 7), 7 > 0 is a constant delay, ¢ is a constant satisfying 0 < ¢ <
1, the functions a(t),b(t), c(t), g(y), h(z) are continuous in their respective arguments on
RT, Rt RT, R, R respectively with Rt = [0,00) and R = (—o00, ). Besides, it is supposed
that the derivatives ¢'(y) and h/(z) exist and are continuous for all z,y and h(0) = 0.
Motivation for this paper comes from the works in [6, 19, 26, 27, 29, 33, 40, 42, 45, 49].
Results of this paper are not only new but extend some well known results on third order
delay differential equations in the literature. An equally interesting problem is the second
order delay differential equations of type (1.1). This has already been considered and the
results arising in this direction will be published through another outlet. The main results
are stated and proved in Sections 2 and 3 while in the last section, examples are given to
illustrate and authenticate the obtained results.

2. UNIFORM ASYMPTOTIC STABILITY OF THE TRIVIAL SOLUTION

Let X(t) = z(t) + ¢px(t — 7), Y(t) = y(t) + ¢y(t — 7) and Z(t) = 2(t) + ¢z(t — 7). When
p(t) = 0, the delay differential equations (1.1) and (1.2) respectively become

[2(t) + da(t — 7)]" + a(t)2” (t) + b(t)g(2'(t — 7)) + c(t)h(ax(t — 7)) =0 (2.1)

and
' (t) = y(t)
y'(t) = 2(t)
Z'(t) = —a(t)z(t) — b(t)g(y(t)) — c(t)h(x(t)) (2.2)

+/t7 [b(t)g' (y(5))2(s) + c(t)h' (x(s))y(s)]ds,

where the functions g and h are defined in Section 1. Let (z¢,y:, 2:) be any solution of
system (2.2), a continuously differentiable functional V' = V (¢, z,y;, 2:) employed in this
work is

V= iVi + /:T {ulyQ(s) + MgZz(S)] ds + /OT /t; [MsyQ(T) +pa2?(r) |drds  (2.3)

where 1 1
Vo= 52° + (a+a)yZ + ga(t)(a + a)y*;

x
1
V1 :=2c(t)(a + a) / h(s)ds + 2¢(t)h(z)Y + ibb(t)YQ;
0
Y | Lo 1 2
Vo :=2b(t) | g(s)ds+ Qﬂbx + aBzxy + PfxZ + §Z + Qa(a +a)y* + (a+a)yZ;
0
and a, b, o, B are positive constants with «, 8 satisfying the inequalities

. c 2c
mm{%—a,b—a}<o¢<a7 B < b. (2.4)
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Theorem 2.1. Suppose that ag,aq,a,b1,b,co,c, B, ho,h1,k,a, 8,0, 7 are positive con-
stants and that

(1) ao < a(t) < ay for allt > 0;
co < ct) < b(t) < by, V(t) < () <0 for allt > 0;

) a

(i) co <

(iii) h(0) =0, ho<%x)<h1 for all x # 0, and b/ (z) < |h'(z)] < ¢ for all x;
)

(iv) b < g(y)<Bforally7éO lg'(v)] <k for all y, with ¢ < ab, and ag = 2a,

coho  2(a+a)b—c— A a—a—Ag}

2.5
bl(k—i—c)’ Aq ’ Ay ( )

T < mm{
where
Ay ::%bl[(bgb + 2hq)(1 + @) + b];
As i=sbic[B4+2(1+ ata+ )+ (ata)(k+ c)byl;

2
3cg¢? (g(y
22(a+a)b— \ vy

2
Ag = [Bbi(1+ 6) + 8]+ 3¢%(a — ) + 2 b) + %@5(5 + ¢bby);

2

Agi=by |[(1+ %B+¢)k+ (a+a)e+(1 +¢)(k+c)].

Then the trivial solution of system (2.2) is uniformly asymptotically stable.

Corollary 2.2. If the nonlinear delay functions g(y'(t — 7)) and h(x(t — 7)) are replaced
by functions g(y'(t)) and h(z(t)) respectively in (2.2), then the trivial solution of the new
system of ordinary differential equations is uniformly asymptotically stable.

Remark 2.1. We note the following:
(i) f¢p =0, a(t) = a, b(t) = b, c(t) = ¢, where a, b, ¢ are positive constants, g(z'(t—7)) =
2’ (t) and h(z(t—7)) = x(¢) then equation (2.1) reduces to third order linear ordinary
differential equation

2" (t) + ax” (t) + bz’ (t) + cz(t) = 0. (2.6)

Furthermore, hypotheses (i) to (v) of Theorem 2.1 reduce to Routh-Hurwitz condi-
tions a > 0,ab > ¢ and ¢ > 0 for asymptotic stability of the trivial solution of the
linear third order differential equation (2.6);

(ii) If ¢ = 0, equation (1.1) specializes to some of the delay equations discussed in
(17, 27, 33, 40, 46, 49];

(iii) Whenever ¢ = 0 and 7 = 0 then equation (1.1) reduces to third order nonlinear
ordinary differential equations that had been discussed by authors in the literature,
some of these authors include but not limited to [1, 2, 3, 4, 8, 11, 12];

(iv) Observation from relevant literature shows that there are no results on second and
third order delay differential equations of the type (1.1), except in [19, 26, 29],
where existence and uniqueness of periodic solutions for a kind of first order neutral
functional differential equations was discussed;

(v) The results of this paper do not only new but extend some outstanding results in
the literature such as in [6, 26, 27, 29, 33, 40, 42, 45, 49] and the references cited
therein; and

(vi) Note that the solution (z,yt, 2z¢) can also be written in the form (x4, yt, 62:) where
0=1+¢.
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Next, we shall state and proofs two major lemmas that are prominent to the proof of
Theorem 2.1 and subsequent results

Lemma 2.3. Under the hypotheses of Theorem 2.1 there exist positive constants Dy, Dy, Do
and D3 such that

Do(2?(t) + 2 () + 2°(t) <Vt 24,90, 20) < Di(2?(t) + 42 (1) + 2°(1) + Q(t, y,2),  (2.7)
forallt > 0,x,y,z and 2(t — ) where

Q(t,y7z>:=D2/j< (s) + #2(s d”DB/_T/m (7)) drds

Proof. Let (x4, y:, 2:) be any solution of system (2.2), the functional V;, (i = 0,1,2) can be
rewritten in the following forms

2
Vo= {(Z+H(aka) et (1405 ) +latalald)-(ataly+
since h(0) = 0, we find that

1 2c(t) 2 o2e(t) [T 2c(t) .
Vi = bb(t) {Y+ (D) h(x)] += /0 [(a+a)b ) h(S)]h(S)ds’

and

v 1 Z\* 1 )
V2=2b<t)/0 g(s)ds + B(b Ba? + - (ﬁx+ay+Z) +2aa(y+a) +o,(a—a)Z”.

2
Since ap < a(t) < a; for all t > 0, with the fact that (Z+ (a+a)y)? > 0 and (y—|— a(Zt)) >0
for all y, Z with ag = 2a, we find that

a—a{a—l—ay + ZQ] (2.8)

for all y and Z. Furthermore, cg < c¢(t) < b(t) < by for all t > 0, h/(z) < ¢ for all z,
h(x
hiz) > hg for all z # 0, and [Y + 2c(t)h(:v)]z >0 for all t > 0,z and Y, it follows that

x

10)
2 2
i > >3 (o + a)b — 2¢|cohox”, (2.9)
for all z. In addition, since b < ( ) for all y # 0, (Bx + ay + Z)? > 0 for all x,y, Z and
Y

2
(y + f) > 0 for all y, Z we have

Vo > =B(b— B)x? + coby? —I—i(a—oz)Z2 (2.10)

2a
Substituting in equation (2.3), estimates (2.8),(2.9) and (2.10), noting that the integrals are
nonnegative and ag = 2a, there exists a positive constant §; > 0 such that

V > 6(2® +y* + Z?) (2.11)

l\D\»—t

for all £ > 0,z,y and Z, where

5o = min {2[(04 + a)b — 2dcoho + %5(1) ~B), i(a +a)(a—a) + beo, i(a _a) (2 N 1) }

a a1
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Now, from inequality (2.11), we find that, if 2(t) = —¢z(t — 1),

V(t, 2,9z, 2) = 0 if and only if 2% +9y* + Z% =0 (2.12a)

and
V(t,z¢,ys, 2) > 0 if and only if 2% +y* + Z% #£0 (2.12b)
V(t,ze,ys, 2) — +o0 as 22 + y? + Z2 — oo. (2.12¢)

h
Furthermore, since (@) < hy for all x # 0, M < B for all y # 0, and the fact that
x Y

2|q1q2| < ¢? + ¢3, there exist positive constants 61,2 and 3 such that

t
V§51($2+y2+22)+52/

t—7

0t
[y2(s) + 22(5)]d8 + 53[ /t+ [y2(7') + 22(7)]d7ds, (2.13)
where

1
01 1= 3 max{B(1+b+b)+2bhi(1+a+a), (a+a)(1+a+ar)+by (b+2h1)(1+¢)%af+2b1 B, 1+a+a};

d2 := max{yi, po};
and
05 := max{us, f4}-
Combining estimates (2.11) and (2.13), the inequality (2.7) of Lemma 2.3 is satisfied with

do, 01,02, 03 equivalent to Dy, D1, Do, D3 respectively. This completes the proof of Lemma
2.3. a

Lemma 2.4. Under the assumptions of Theorem 2.1 there exists a positive constant Dy
such that along the solution path of system (2.2) we have

Vio.oy (b, ye, Ze) < =Da(a(t) + y2 () + 2°(1)) (2.14)
forallt >0,z,y, 2

Proof. Let (x4, yt,2¢) be any solution of (2.2). The derivative of the functional V' with
respect to independent variable ¢ along the solution of (2.2) is

4 7
Visay == Vit D Vit mly?(t) =y (t = 7)] + pal (1) — 2°(t = 7))
i=3 i=5 (2.15)

t
+ 7Tlpusy® + pa2’] — / [usy?(s) + paz’(s)]ds + aBy?,
t—T1

where
Vg 8e(t) a4 |(a+ ) 22 — ()] o7 + ) — o+ )]
A= Z: Visi
Vi ::%ﬂc(t)@f + 3 {b(t)g(yy) - b] Ty + % {(a + a)b(t)g(yy) — ()W (z)|y?;
Vio :ziﬁc(t)@ﬁ + Bla(t) — alzz + %[a(t) ~(at )]
Vi =3 [(a +ap( L) _ c(t)h’(m)} v+ (0 aa(t) — alyz + S[o(t) — o+ )]
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L o
Vig :=[a(t) — (a+ a)] 37 + 2¢z2(t — 1) |;

[(a n a)b(t)g(yy) - c(t)h’<x>] /2 + ob(t) [g(yy’ - b} ya(t — 7);

bb(t) + B)yz + 2¢c(t)h (x)yy(t — 7) + Boyz(t — T + ¢pbb(t)y(t — 7)2
+ ¢*bb(t)y(t — 7)z(t — 7);

Vis ==

Wl =

—~

Vs :=2(a + a)c'(t) /O " h(s)ds + 2¢ (Oh(z)Y + %bb’(t)YQ + 20/ (1) /O " g(s)ds

and

Vi B+ 2o+ apy+ 22+ 2050 =) [ [b<t>g’<y<s>>z<s> T c<t>h’<x<s>>y<s>} ds.

h
Now since c¢(t) > ¢o for all t > 0, ﬁ > hg for all x # 0, M >bforally#0, h(z)<c
T Y

for all z, a(t) > ap and c(t) < b(t) for all ¢t > 0, it is not difficult to show that

1 1

Vs > iﬁcohoxz + 5[(20([) —¢) + (2ab — o))y + [a — a]2?, (2.16)
for all £ > 0,z,y and z. Also, applying the following inequalities
2
1
32 (b(t)g(yy) - b> < 65coho[2(a +a)b—d,

B%(a(t) —a)?® < %ﬂcoho [a — a],
and 5
(a+a)?(a(t) —a)? < §[2(a +a)b— c]la — a],

in Vy1, Vyo and V3 respectively, to obtain the following inequalities

1 1 2
Vi = [QMM— 6[2(044‘@)5—0”19@ =20, Vv,

1 1 2
Vag > [2\/500hol‘| - 3(a—04)|2] >0, Va,z

and

2
1 1
Vaz > [\/6[2(a +a)b—cly| — \/3(a - a)z|] >0, Vuy,z.
Furthermore, since a; > a4 a, ¢y > 0, 2ab > ¢ and 2ab > c it follows that
[z +3¢z(t —7)]> >0

for all z,z(t — 7), and

W+ 3co (g(y)

—b)z(t 7))
22(a+a)b—c\ y b> (t=7)] 20

for all y, z(t — 7), so that
Vig > —3¢%*(a — a)2*(t — 1)

3c3¢? 9v) L\ o
Vis > _2[2(a+0a)bc]( ” —b) 25t — 7).

and
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Combining Vy;, (i = 1,2,--- ,5), to get

c? 2
Vi > —3¢° [a —a+ 2Ba +Z)b 3 (g(yy) - b> }f(t - 7). (2.17)
Next,
Vi <3 |0+ 20m)ly? + B1(1+ ) + 812+ 0 0b(1 +6) + 20l (0~ 7)

(2.18)
+ ¢[B + pbby]2(t — 7)|.

Moreover, Vg can be rewritten in the form
Vs =0'(t)Ve1

where

Z:Eg /Ox h(s)ds + 2(0):8; h(z)Y + %sz +2 /Oy g(s)ds.

Vo1 :=2(a+a)

Since b/(t) < /(t) <0 forall t >0, b> 0, [Y + 2b~ h(x)]?> > 0 for all x and Y, there exists
a positive constant d, such that

Vo1 > 6.(2% +9%) >0 (2.19)
for all z,y, where
8y := min{b~[2(a + a)b — clhg, b}.
From estimate (2.19) and the assumption that b'(t) < ¢/(¢) < 0 for all ¢ > 0, it follows that
Vo=0(t)Ve1 <0, Vt>0,m,y. (2.20)

Since |¢’'(y)| < k for all y and |W/(z)| < ¢ for all z, it follows that

Vr < %ﬂbl(k + ) + (a + a)by (k + c)ry? + bi[(1 4+ d(k + ¢))] 72>
¢

+ %blc[2(1 +a+a+ @)+ /t_T y*(s)ds (2.21)

F0[(1+ 6+ 500k + (a+a)d] /t_ 2(s)ds.
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Substituting estimates (2.16), (2.17), (2.18), (2.20) and (2.21) in equation (2.15), to obtain

1 1
Vi) =— 55 coho — bi(k + C)T] r? — [2[2((1 +a)b— (]

=000+ 200) + a8 ] — s + (e i+ Ol 52

= (@)~ GO0+ 6) 4 5) 4 al =+ (1 + )+l |2

— |- %bl [bo(1 + o) + 2hﬂ] y*(t—7) (2.22)
r 2 42 2
~ |- [3¢2<a - ) + gy (g(y) - b) + 505+ ¢bb1>H x

Yy
2t —7) - [ug — hielf+2(1 +atat ¢>>]} / y2(s)ds

- [/u — b [(1 + %ﬁ + o)k + (a+ a)c” /t z;(s)ds.

-7

Choose

212 2
= %bl[b¢(1+¢)+2hl]a p2 = 3¢%(a—a)+ 2[2(@3—T—Of)b —q (g(yy) - b) +%¢(B+¢bbl)’

H3 = %blc[,@—k 20+a+a+¢)], and ps="b {(1 + %[3 + o)k + (a+ a)c] ,

estimate (2.22) becomes

1
‘/(/22) = — iﬁ |:Coh,0 — bl(k —+ C)T:| :];2

|
N = m/ —A
| = N =

|~

2(c + a)b — ¢] — Bbl(b +2¢hy) + af + %bl b (1 + ¢) + 2h1]}

bic[B+21+a+a+ @)+ (a+a)(k+ c)bl} T}y2 — {(a — ) (2.23)

C2 2 2
(bb1(1+ ¢) + B) + [3¢2<a -+ Q[Q(agff)b — (g(yy) - b)

+ o8+ ¢bb1)” — b [(1 3B+ @k+ (ataet (L4 o)k + C)HZ%

Thus in view of estimates (2.23) and (2.5) there exists positive constant d4 such that
Voo < —04(x? +y? + 2% (2.24)

for all ¢ > 0,x,y, z. Thus, inequality (2.24) establishes inequality (2.14) of Lemma 2.4, this
completes the proof of Lemma 2.4 with 64 = Djy. g

Proof of Theorem 2.1. Let (x¢,y:, 2¢) be any solution of equation (2.2), in view of inequalities
(2.11), (2.13) and (2.24), the trivial solution X; = 0 of system (2.2) is uniformly stable and
uniformly asymptotically stable. This completes the proof of Theorem 2.1. |
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3. UNIFORM ULTIMATE BOUNDEDNESS OF SOLUTIONS

In this section, uniform boundedness and uniform ultimate boundedness of solutions of
system (1.2) when p(t) # 0, will be discussed.
Theorem 3.1. If assumptions (i) to (vi) of Theorem 2.1 hold and in addition
lp(t)| < M, 0 < M < o0, VteRF,
then the solution (¢, yt, zt) of system (1.2) is uniformly bounded and uniformly ultimately

bounded provided that the inequality (2.5) is satisfied.

Proof. Let (x4, ys, 2t) be any solution of system (1.2). The derivative of the functional V
defined by equation (2.3), with respect to the independent variable ¢ along the solution path
of system (1.2) is

Vi1.2) = Vi) + [Bx + 2(a + a)y + 22 + 2¢2(t — 7)Ip(t). (3.1)
From the inequality (2.24) there exists a positive constant d5 such that

Viia) < =0a(a® +y% + 2%) + 65|z + |y| + |2])[p(8)], (3:2)
where
05 := max{f,2(a +a),2(1 + ¢)}.
Since [p(t)] < M, 0 < M < oo for all t > 0 and the fact that |z| < 1+ 22 for all z € R,
choose M > 0 sufficiently small such that d, — §5M > 0, there exist positive constants g
and J7 such that

Vi) < —06(z® + 4 + 2°) + &7, (3.3)
for all £ > 0,z,y and z, where

56 = 54 F— (55M and (57 = 3(55M.
From estimates (2.11), (2.13) and (3.3) the solutions (¢, ¥4, z;) of system (1.2) are uniformly
bounded and uniformly ultimately bounded. This completes the proof of Theorem 3.1. [

Corollary 3.2. If the nonlinear delay functions g(y'(t — 7)) and h(x(t — 7)) are replaced
by functions g(y'(t)) and h(x(t)) respectively in (1.2), and
lp(t)| < M, 0 < M < 00, VteRT,

then the solution (¢, y:, 2t) of the new system of ordinary differential equations is uniformly

bounded and uniformly ultimately bounded.

Theorem 3.3. If all hypotheses of Theorem 3.1 hold true and in addition the functions
a(t),b(t),c(t) and p(t) are w—periodic functions of t, then there exists a unique periodic
solution for system (1.2) of period w, provided that the inequality (2.5) holds.

Proof. Let (¢, y:, 2¢) be any solution of system (1.2). From inequality (3.2), since
(l + [yl + [21)* < 3(2® + y* + 2°)
for all x,y, z, it follows that

Vi) < —0s(z® + 47 + 2%) <0, (3.4)
for all ¢ > 0, z,y, z, where
0g := 04 —305M >0
for sufficiently small M > 0. From estimates (2.11), (2.12), (2.13) and (3.4), a unique,
w—periodic solution of equation (1.2) exists. This completes the proof of Theorem 3.3. O
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4. EXAMPLE

In this section two examples will be given to illustrate the correctness of the obtained
results of Sections 2 and 3.

Example 4.1. Consider the third order delay differential equation

e(t) + a(t — )] + (8 + Smt% 2)>x”(t) + (Qx’(t 1)+ 3sin(@(t — 7) /3)) «

()« () (o 2P

As system of first order functioal differential equations, equation (4.1) becomes

(4.1)

=y
y =z

sin(t/2) 1 1 x  xsin(x/4)
Z'=—(8 —| = 2 3 3)) —

( t/2 )Z (2+3+4t2>(y+ sin(y/3)) (7+ T1raz )"

1 1 1 1 K 1
SR S | (R 2 s)d
<4+4+4t2>+<2+3+4t2>/7( +3cos(y(s)/3) J=( H( 4+4t2>x

/ttT <1 . sin(z(s)/4) N x(s) cos(x(s)/4) _ 22°(s) sin(x(s)/ )> (s)ds

T 1+ a3(s) A1+ 2%(s)) (1+22(s))?
(4.2)
Now, comparing equations (2.2) and (4.2), the following functions are defined:
(i) The function
a(t) == 8+ Hi(t)
where (t/2)
sin(t
Hy(t) =
1t t/2
From Figure 1 we notice that —0.22 < Hy(t) <1 for all ¢t € R, it follows that
78=ap <a(t)<a; =9.0 (4.3)
for all t € R. The path of Hj(t),a(t) and their bounds are depicted in Figure 1.
10.5+
29 R slGn 12w 8T —4w Y am  8m 12m 16m 20w

-1 FIGURE 1.
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Paths of the functions Hi,a and their respective bounds ¢ € [—20m, 207]

From inequalities (4.3) since ag = 2a, it follows that

a=39 (4.4)
(ii) The functions
1 1
b(t) := 5t Hy(t) and ¢(t) := it Hs(t)
where
H(t)—# dH(t)—$
2T g MY T e

Since 4 + 4t%2 > 3 + 4t2 for all t € R, then it follows that

Hj(t) < Ha(t) (4.5)
for all ¢ € R. Also, since
tlggo Hy(t)=0= tlggo Hs(t) (4.6)

—_
)

0.25=¢ <c(t)<b

, f

-8 -6 -4 -2 0 02'&3(‘:) <¥WO)
FIGURE 2.
The behaviour of the functions Hs, H3, b and ¢, t € [—8, §]

it follows from estimates (4.5), (4.6), Figure 2 and the fact that the Hy and Hj
are decreasing functions, the following inequalities hold

0 < Hs(t) < Ho(t) < 0.33 (4.7)
for all ¢ € R. From inequalities (4.7), it is easy to see that
0.25 = Co S C(t) S b(t) S bl =0.83

for all t € R, (see Figure 2).
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0 I I i

1 2 3 4 5 6
-0.1
¢
" : ) )
-0 = - < \ < C, <
0°3Se2 rpP.(F) 2 <X 0
03 FIGURE 3.

The behaviour of the functions & and ¢, t € [0, 6]

Moreover, the derivatives of the functions b and ¢ with respect to the independent
variable t are

8t 8t
V()= - and d(t) = ——— .
O = —Gramz MW=~ G
Noting that
8t 8t
V(t)=— = =d(t 4.8
O=-Gramz < arame W (48)
for all ¢t € R. Also,
. 12 h 1 /
tlggo b'(t)=0= tlggo c(t) (4.9)

Thus, from equations (4.9) and Figure 3, the inequality

b'(t) <d(t) <0
follows for all t € RT.
The function

h(z) = lx n xsin(z/él)’

7 1+ 22
clearly h(0) = 0, and that
hz) 1
g
x 7 + Ha(w)
where in(z/4)
sin(z
H = —".
4(@) 1+ 22

From Figure 4, since
—0.12 < Hy(z) < 0.12
for all z € R, it follows that

h

h®) =027, Vo £zeR.
T

Furthermore, the derivative of the function h with respect to x is

0.02 = ho <

W(z) = % + Hs(x)
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where

sin(z/4) | wcos(z/4) 222 sin(z/4)
1422 4(1+2?) (1+ 22)?

H5(.’13) =

Now since Hs(z) < 0.16 for all z € R, it follows that

-0.12 < H(x) < 0.12

-0m -l6n -12n -8n 4n 8 12n 16 20m

FIGURE 4.
The behaviour of the functions Hy and @, x € [—20m, 207]

vy

" h'()ﬁc =0.3

o T T T T T F Tg#r T T ! T T —
-0 -lom -12n -8n -4n \"n/ 8 127 167 20m

- FIGURE 5.
The behaviour of the functions Hy and h'(x), z € [—20m, 207]
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U.5U A
0251
U < =
020 lh' (x)| £ ¢=0.3
0.15 1
10
0ds
6n an o 0 2n 4n 6m
* FIGURE 6.
The behaviour of |h/(z)|, € [—6, 67]
What is more, from Figure 6 it is easy to see that
|h(z)] <c=10.3
for all x € R.
,2!\ 10 19 Q 0 Q s e b 1 ’1[\].[
! FIGURE 7.

The paths of Hg and %, y € [—20m, 207]
(iv) The function

ysin(y/3) and 9(y)
y/3

g(y) =2y + =2+ Hg(y)

where w/3)
sin(y/3
Hg(y) = ————.
It can be seen, from Figure 7, that

—0.23 < He(y) < 1

for all y € R. It is not difficult to see from Figure 7 and the last inequality that

9(y)

1.77:b§T§B:3,V07Ay€R. (4.10)
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Furthermore, the derivative of the function g with respect to variable y is

9'(y) =2+ Hr(y)
where
Hz(y) = cos(y/3).
Noting that —1 < H7(y) <1 for all y € R, it follows that

lg'(y)] < k=3.0

for all y € R. For the behaviour of the functions H; and |g¢’| see Figure 8. The
aftermath of Theorem 2.1 gives the following summary

Summary 4.2. If the following constants hold ag = 7.8,a; = 9.0,a = 3.9,b; =
0.83,b = 1.77,B = 3.0,¢o = 0.25,hg = 0.02,h; = 0.27,L = 0.25,a = 0.3, 8 =
0.8,¢0=0.5 and for all t > 0
(i) 7.8 < af(t) <9.0;
(i) 0.25 < c(t) < b(t) < 0.83, —0.25 < V() < ¢'(t) < 0
(iii) h(0) =0, 0.02 < @ <0.27 for all z # 0, and K/ (z) = |/ ()| < 0.3 for all z;
)

(iv) 177 < # < 3.0 for all y # 0, |¢'(y)| < 3.0 for all y;
7 < min{0.002, 85.402,1.165} = 0.002, (4.11)

where A; = 3.935, As = 0.125, A3 = 1.667 and Ay = 1.66. The value 0.001 is
chosen for 7.
Then the trivial solution of (4.2) is uniformly asymptotically stable provided that
inequality (4.11).

g’ (¥) IS k =3.0

AT

JRVARVARVAAVARVE. Vi

-1 SH7(y) <1

FIGURE 8.

The paths of functions H; and |¢'|, y € [-20m7, 207]
Example 4.3. Consider the third order delay differential equation

e(t) + dalt — 7)) + (8 + Si‘;% 2)>:1c”(t) + (2x’(t — )+ 3sin(@(t — 7) /3)) «
1 1 1 1 1 z(t — 1) sin(z(t — 7)/4)
)+ (i mm) (e ) (412
1 1
101t

As system of first order delay differential equations, equation (4.12) becomes
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r =Yy
y' =

sin(¢ 1 x  wxsin(z/4)
7 = — - 2 i

<8 12 ) 2+3+4t2)(y+38my/3 <7+ T2 >><

1 1 ¢
: 2 4.13
(4+4+4t2>+< +3+4t2>/”(+3c05 ) (4.13)

1 1 VA 8111(1:(3)/4) x(s) cos(x(s)/4)
* (4+4+4t2)/” <7+ T+22(s) | a1+ 22(s))

222(s) sin(z(s) /4 1 1
_ 227(s) 2(()2/)y(5)
(L +22(5))
Comparing (1.2) and (4.13), items (i) to (iv) of Example 4.1 hold true for functions
a,b,c,g and h. In addition, the function

1

p(t) == 0 + Hg(t)
where )
Hs®) =17

Analysis shows that the function Hg(t) decreases as t increases and that

. 4 1
Jim Hy(t) = lim, (m) =0
By completeness axiom, function Hg has an upper bound i.e.,
Hg(t) <1

for t = 0. The paths and behaviour of functions Hg and p are shown in Figure 9.

1.2

[
Ip(t) | = M = 170
0.8
H(t) <

) 1
0 Ip(t) |
Hy ()
0 T T T 1
0 10 20 30 40
' FIGURE 9.

The paths of functions Hg and p, t € [0, 40].

Summary 4.4. If hypotheses (i) to (iv) of Summary 4.2 hold true, and in addition

1

<M=1—

el -

for all ¢ > 0, then the solutions of (4.13) is uniformly bounded and uniformly ultimately
bounded provided the inequality (4.11) holds.
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